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ABSTRACT. We exhibit the deduction of a formula
for the characteristic polynomials of certain lower
Hessenberg-Toeplitz matrices, and thus for the case
of Ramanujan’s tau function we prove the corre-
sponding expression recently conjectured by Prof.
Barry Brent via computer data. Besides, we indi-
cate that the Cayley-Hamilton theorem applied to
these matrices gives the same information than a re-
currence relation involving their determinants. We
show that the complete Bell polynomials allow ob-
tain the generating function for these characteristic
polynomials.
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1. INTRODUCTION

Here we study the following type of lower Hessenberg-
Toeplitz matrices [1]:

(1)

ay 1 o --- 0
a9 al 2 s 0
A= : Do Co |, Ay i=det A,
ar—1 Gp—2 -+ a T—1
Qp Qp—1 -+ Qa2 ay

with special interest in their characteristic polynomials:
(2) P.(\) =det(A\I - A,), Py(\)=1.

In Sec. 2 we show a simple process to obtain an explicit
formula for (2) in terms of the determinants A,, which may
be applied to Ramanujan’s tau function [2-5] to prove a re-
cent result that Prof. Barry Brent [6] conjectured via com-
puter data. Besides, we indicate that the Cayley-Hamilton
theorem for (1) has the same information than the recur-
rence relation:

—~ (-1
= —1)! ~ 7
(3) Ar=(r—1)> )

j=1
which gives the known relation satisfied by the tau function
[2-5]:

ajAr—j, r>1, Ag=1,

4  nr(n+1)=-24) o(j)r(n+1-j), n>1,
j=1

involving the sum of divisors function [7—11]. In Sec. 3 we
use the generating function of complete Bell polynomials
[12-18] to obtain the corresponding generating function for
the characteristic polynomials (2).
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2. AN EXPRESSION FOR P,(\)

In (2) we can give values to r and realize a direct com-
putation of characteristic polynomials, thus:

Pi=—a1+ )\, Py=a}—ay—2a1\+ N2,
P = —ai’ + 3aias — 2a3 + 3 (a% — ag) A
—3a1 2% 4+ X3,
Py = a‘ll - Ga%ag + 8ajasz + 3@% — 6ay
+4 (—a:f + 3aia9 — 2a3) A
+6 (af — a2) A2 — 4a1 A3 + N1,
Ps = —a} + 10a3ay — 20a%az — 15a1 a3
+ 30a1a4 + 20a0a3 — 24as
+ 5(af — 6a3as + S8ajas + 3a3 — 6ag)\
+ 10(—a3 + 3a1as — 2a3)\?
+10(a? — ag)A® = 5a M + N0,

and it is clear that A, = (—1)"P.(0), then (5) can be writ-
ten in the form:

that is:

(7)

Py=Ay, Pr=-A1+ A\

Py = Ay — 241\ + N2,

Py = —Az + 345X — 34102 + X3,

Py = Ag — 443\ + 64507 — 44,03 + 24,

Ps = —As + 5A4\ — 1043707 4+ 104523
—5AN N

PN =(—9), ¢ =4y,
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therefore:
) P = L0 () At

which is correct [1].
For the case a; = 240(j), we have [6] the value
Aj = (=1)7j!7(j + 1), then (8) implies the expression:
= m! i
(9) P\ = ZET(m—k—i—l)/\ :
k=0
conjectured by Brent [6] via computer data.
The Cayley-Hamilton theorem indicates that A, must
verify its characteristic polynomial (8), then:
(10) S (=) (;) A_kAf =0,
k=0
where we can employ (1) to obtain the same relations de-
duced from the recurrence relation (3); so, the property (4)
is immediate from (3) if a,, = 240(m) and
Ap = (=1)™mlr(m + 1).
If we define the quantities Q; = (_jl!)J Aj, then (3) ac-
quires the form:

T
(11) TQT = - Zanrfja r> 17
7j=1

which is attractive because we know its solution [18-20]:
1

(12) Qr = 7B (=0lay, —1lag, ..., —(r — 1)la,),
7l

in terms of complete Bell polynomials [12-18]; many impor-
tant arithmetic functions satisfy recurrence relations with
the structure (11) [18,21-27]. Hence:

13) A, = (=1 B.(=0lay, ..., —(r — 1)la,),
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and then the Ramanujan’s tau function admits the follow-
ing representation [5]:
(14)

(1) = %BT (=01240(1), —11240:(2), ..., —(r — 1)1245(r)) .

3. GENERATING FUNCTIONS FOR P, ()

We know the generating function for the complete Bell
polynomials:

= n < i
(15) ZBn($1,$2,...,$n)m = exp Zl‘]ﬁ ,
n=0 j=1

which is useful to obtain the corresponding generating func-
tion for the characteristic polynomials (2), in fact, from (8)
and (13):

-

(16) PN =Y <]:> By (—0lay, ..., —(k — 1)lag) Xk,

k=0
therefore:
> tr > 1 > )\rfktr
r=0 k=0 r=k
> th S ()
(17) o oojo( )
At —m- aAm ,m
= e exp (Zl - t )
00 G
= PV e

where we use a,, = 240(m) if we work with the Ramanu-
jan’s tau function. Here we see the following option: To
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employ a different procedure to show (17), and after with
it perform the above process in reverse to deduce (8) and
(13); in another paper we will develop in detail this alter-
native method to show (8).

Remark 1. The characteristic polynomials (5) verify the
recurrence relation:

(18) Pr—i-l()\) = )\Pr()\) - k_.'arkarlPk()‘)v r>0
k=0 "

Remark 2. The property (13) accepts the inversion [28]:

(19)

ar = ﬁ ;(_1)k(k_1)!BT,k (—Al,Ag, —As,..., (_1)T-k+1AT_k+1)

in terms of partial Bell polynomials [28, 29].

Remark 3. The symbolic formula (7) was suggested by a
similar expression for Laguerre polynomials [30]:

rk

(20) Li@)=(1-9¢), ¢"=

Remark 4. The characteristic polynomial (8) has coeffi-
cients involving the determinants A,. On the other hand,
the Leverrier-Takeno method [31] employs the traces of AF
to determine these coefficients, then it is natural to inves-
tigate the connection between A; and these traces, in fact:
(21)

A, = (_]'-) B, (—0!81, —1!82, ey —(7' - 1)'3r) , Sk =1r (A:f)
r

which can be compared with (13).
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